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DECOMPOSITION INTO PARTIAL FRACTIONS. 
By Geo. F. Metzler. 

I believe the following method of decomposition will com- 
mend itself to any who will use it enough to become familiar 
with its application. 

A few examples will manifest its brevity. 

(i) Let 

I _ax + b cx + d 

(x 2 + i)(x 2 + x + i) = ~^y *" z ' 
where 

y = x 2 -\-l, and z = x 2 -{-x-\- 1. 

Multiply both sides of ( i ) by y, then 

1 =ax + b' y{cX + d) 



X 2 + X + I ' ' z 

which for values of x which make y s x 2 -f- 1 = o becomes 

IX x 

ax + b = - = -;= = — x; 

x x 2 y — i 

therefore a = — i , b = o. 
Multiply (i) by z we have 
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(2) Again, let 
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Then 

X+ I _ 2 _ I 

" ~ (* 2 + I) 2 ~ ¥ ~ *' 

when x — • I = o. Therefore a = }i. 

Multiply (2) by z 2 and express the result in ascending powers 
of z; then 

x+i az* x 2 + 2X+i—a(x+i)z i 

bx + c + {ax + e)z = = » : 

x — ix— 1 x* — 1 

2x + z — a(x + i)z 2 _ x+ 1 

— 2 +Z 2 

.. = — i, e = o, d = — I, e=—\. 

This depends on the theorem : If an equation is an identity in x, 
it will become an identity in z, when it is transformed into a 
function of z, where z is a function of x. 

Then, as we know the coefficients of z 2 and higher powers of 
z will equal zero, the term containing a might have been omitted 
in finding bx + c + (dx + <?) z. Thus 

* + I X 2 + 2# + I 2* + 2 

bx + c + {dx + e)zss —- m xi _^ = __ =etc . 

It will be noticed that the numerator and denominator of 
0+ i)/(x — 1) was multiplied by x -{- 1, the object being to 
make the denominator a function of z with coefficients inde- 
pendent of x. 

This auxiliary factor is found thus 

X ' 2 + I =x + i+- J —; .\2-+(* + i)(*-i)-i 



» — 1 x — 1 * — 1 

or 



' (»+ l)(x — l) = Z — 2, 

from which x has disappeared ; then both numerator and de- 
nominator are arranged in ascending powers of z and the divi- 
sion performed. 
(3) Let 



a b . ex + d 



(** - i)(x 2 + 2) x - 1 * + 1 ** + 2 
a and & are easily found as above. 
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Multiply by x 2 -\- 2 and taking values that make .r 2 -f-2=o 

x 2 — 2 2 
ex + a = — = = -.... 

x 2 - i - 3 3 

(4) Let 

x 2 + i _ a t bx + c d + ew + /w 2 + gw 3 



(x — i) 4 (x? + i) y z w* 

where 

y = x-\-\, z = x 2 — x-\-i, w — x — I. 

Multiply by s and use values that make 

s = o or x 2 — x + i = o, 

X 2 + I 2 + X 



bx + c = 



(* 2 - 2* + l) 2 (x + I) (Z - *) 2 (X + I) 

# I I l(2X — i) 



jc 2 (a; + i) x 2 + # z + 2x — I (2x — i)(2a; — i) 

2a; — I 2x + i 
~42-3 ~ -3 

The auxiliary factor 2X — I, which multiplies both numerator 
and denominator, is found by dividing 4s by 2X — 1. 

Now multiply by w and expand in ascending powers of w 
we have 

d + ew + fw 2 + gw = — • • • 

powers of w higher than the third have coefficients equal to zero 
and may be omitted 

, X 2 + I 2+2W + W 2 

d + ew+fw 2 + g «t = ^ T - i = 2+3w + 3w2 + w3 

w w 2 <$w 
= x ~ 2 ~ 7 + T ' 

In this no auxiliary factor was needed because x — j is so 
cunple. But if the denominator were ax 2 -\- bx + c and the 
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variable w = dx 2 -\-rx-\-s, then the auxiliary factor would be 

(dsw \ 

or 

ad 2 x 2 -f- (2<zs — bd)x + cd 2 + z(az — bd), 

and this multiplied by ax- -\-bx-\-c gives 

drw- + [2o(cd — as) — b(bd — ar)]w-\- {cd — as) 2 

+ (cr — bs) (ar — -bd) 

which is the denominator required from which x has disap- 
peared. This shows that the auxiliary factor may be found by 
using undetermined coefficients. I have never had occasion to 
use one so cumbersome. 

Now we undertake a problem of some difficulty, in which 14 
unknown quantities are to be found. We assume a knowledge 
cf multiplication and division by detached coefficients and of 
how to reduce any rational function of x to a function of y 
where y is a rational function of x. 

(5) Let 

x 2 +2 a+bz cx J td J r{,ex- s rf)w+{gx-\-h)i^- J r{ix-]-j)v^ 



kx+l + (mx + n)v 
v 2 
where 

2 = x — 2, w = x 2 -\- 1 and v = x- — x-\-\. 

Multiply by z 2 and omit z 1 and higher powers. 

_ JC 2 + 2 (z»+2) 2 + 2 

a + bz ~ w * • v 2 - (z* + 4 z + 5) 4 (s 2 + 32 + 3) 2 

6 + 42 + + • • • = 30 ~ 1362 
~ 9 • 5 3 (5 + 26s + +) " : 9 X 5 6 

There is no need of an auxiliary factor, when z is of first 
degree in x. 
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Multiply by v 2 and omit all powers of v higher than the first. 

, ,. , . . . X*+2 (x + I)V + 2)(X 2 - 2X + 2)* 

kx + I + (mx + n)V = -. -. = —r, ; — .,. ,-., , ; rr- 

Z 2 -vfi Z 2 (x + 1) 2 (W*)(X 2 — 2X + 2) 4 

_ (X + l) 2 (x 2 + 2)(X 2 -2X + 2)* 

- (v - 3) V + i)« = 9 - 6v + + • • • ' 

(x'-2x+2)*=&— 8* 7 +32* , -8o* s +i36* 4 -i6o*»+i28*« — 64* + 16 

I —8 +32 —80 +136 —160 +128 —64 + 16 

2 —16 +64 —160 +272 —320 +256 —128+32 

+ 1 - 8 +32 - 80 +136 -160 +128-64+16 

(*»-2*+2>(*+l)« = i -6 +17 -24 + 8 +32 - 56 + 32 + 16-32+16 

2 -12 +34 - 48 +16 +64 -112+64+32-64+32 

(*»+2*+2)«(*+l)*(* , + 2)=l -6 +19 -36 +42 -16 -40 +96-96+32+48-64+32 

Reducing this to a function of v and omitting powers higher 
than the first 



— 1 

+ 1 



1 -6+ 19-36+42 -16-40+96-96+32 +48-64 +32 
- 1+ 5-13+18-11-13+38-45 +13+26 -35 
+ 1- 5+13-18+11 + 13-38+45-13 -26+35 



1-5 + 13-18+11 + 13-38+45-13-26 +35 ]- 3*- 3 
— 1+ 4— 8+ 6+ 3 — 16+19 — 10 — l6 
+ 1— 4+ 8— 6— 3+16 — 19+10+16 



1—4+ 8— 6— 3 + 16 — I9+io+i6|-20*+I9 
Divide 



— 3(* + 1) + (-20* + i9)p 
9 — 6v 



x+i 17 



22# 



V 



3 9 

= kx + / + (mx + n)v . 



Multiply by iv* 
ex + d + (ex +f)w + (gx + h)w 2 + (ix +j)w 3 

X 2 + 2 _ (X + 2) 2 (X 2 + 2)(x 2 + X + l) 2 
+ Z 2 • V 2 ~ (X 2 - 4) 2 (W 2 - X 2 ) 2 

(x 2 — 4) 2 (w 2 — x 2 ) 2 = (w — 5) 2 (w 2 -w+1) 2 

= 25 — 6ow + g6w 2 — 8220 s , 
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(x 2 +x+iy=x*+2x 3 +3x 2 +2x+i, 

1+2 + 3+ 2 + I 

4+ 8+12+ 8+ 4 

4+ 8+12+ 8+ 4 
1+6+15+22+21 + 12+ 4 

2+12+30+44+42+24+8 
(* 2 +x+i) 2 O 2 +2)0c+2) 2 =i+6+i7+34+5i+56+46+2 4 +8 

Reducing to a function of w, 



— I 




1+6 + 17 + 34 + 51+56 + 46 + 24+ 8 
- 1- 6- 16-28-35 -28 - 11 
+ 0+ 0+ 




1 +6 +.16 + 28 + 35 + 28 + 11-4*- 3 
— — 1— 6 — 15 — 22 — 20 




1 + 6 + 15 + 22 + 20 + 6x + 9 
— 1 — 6—14 




1 +6 + 14 + 16+ 6 
— 1 




1 +6 + 13 



Then 

— (4* + 3) + (6x + g)w + (16s + 6)w 2 + (6x + I3)w 3 
25 — 6ow + g6w 2 — S2W 3 



(4*+3) i8x+8i 568* -53 4 7654S+1763 , 

w «r+ ■•"'" 

25 125 625 3165 



vr 



= ex + d + (ex +f)w + (gx + fe)w 2 + (wc +j)w 3 . 
In like manner 

X 2 — X+I 29 + IOX 22X — 60 



(x 2 -x+2y(x 2 +x+3) 3 

242(x + l) 



i33i(* 2 -*+2) 2 i33i(x 2 -x+2) 



+ 



+ 



(4*+i7)n 



22*+ 16 



i33i(* 2 +*+3) 3 i33i(* 2 +*+3) 2 i33i(* 2 +*+3) ' 



(7) 



c" — 4a: 4 — 253? + 68a: 2 — 13a: — 38 
(*- i)(x - 2) 3 (x 2 + x + 2) 

b + cz + rfz 2 e* + g 
+ (* - 2) 3 = z 3 + y 



x — 1 



y = x 2 + * + 2, 
z = x — 2. 
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Then 



j. , , j* x*-x i -25x 3 + 68x 2 - 13X-38 

+ cz + dz 2 = ^ . . , ; — r , 

(a; — i)(x 2 + x + 2) 

2 I 1 - 1 - 25 + 68 - 13 - 38 

+ 2 + 2-46 + 44 + 62 

1 + 1 - 23 + 22 + 31 + 24 

+ 2 + 6-34-24 



1 +3 - 17 - 12 + 
+ 2 + 10 - 14 




I+O+ I— 2 = (x 2 + X + 2){X — i) 
+ 2 + 4 + IQ 

1+2+ 5+ 8 
+ 2+8 



1 +4 + 13 
+ 2 



= 3 - 42 + z 2 = b + cz + dz 2 



1+6 
24 + 7Z — 26s 2 + • 
8 + 130 + 6z 2 
Multiply by y 

x? — x* — 25:1c 3 + 68x 2 — 13X — 38 



ex + g = 



— 2 

— 1 



(* - i)(s 3 ) 
I - I - 25 + 68 - 13 - 38 

- 2 + 4 + 5O-I94 

- 1 + 2 + 25-97 



1—2 — 25 + 97 — 60 — 232 

; 3 (l - x) = I - 7 + 18 - 20 + 8 
- 2 + 16-48 
- I + 8-24 



— 2 

— I 



8+24 — 28 — 4O 

- 232 - 60* = (58 + 1 5*) (7* ~ 3) 

— 40 — 28a: (10 + yx)(jx — 3) 
_ 105* 2 + 361 x - 174 _ iQ5y + 256s - 384 



49# 2 + 49* - 30 



49y — 128 
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when powers of y are omitted this 

-3-axmg + ex, 7^-3 = ^+^. 

In this case the auxiliary factor was introduced after the frac- 
tion was transformed to powers of y. 

If ax -+- b is a factor in the denominator the auxiliary factor 
will be (a?y/ax ~{-b) . . . , if y contains x 2 . 

Syracuse University, 
Syracuse, N. Y. 



